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[Iupoke BUKOPUCTAHHS KOHCTPYKLIH y BUTJISI TJIACTHH 1 000JOHOK B MaIIMHOOY/1yBaHHI,
KopabieOyayBaHHI, IpUIa00yAyBaHHI 1 IHIIMX raly3sX BUPOOHUITBA POOUTH aKTyaJIbHUM
JOCII/DKCHHSI MIIHOCTI 1 JKOPCTKOCTI €JIEeMEHTIB LMX KOHCTpyKuid. HasBHicTh B
KOHCTPYKILISAX MIIKPIMIIOIOYMX CTEPIKHIB, ONOp, MPSIMOTIHIHHUX Ae()EKTIB TUILY TPIILUH i
BKJIIOYEHb a00 {HIIMX HEOJHOPITHOCTEH 3HAYHO YCKJIAJHIOE iXHIM pO3paxyHOK, Tak SK
nepepaxoBaHi eNEMEHTH B KOHCTPYKLIAX € KOHLCHTPATOPaMH HAIPYXeHb. AKTyalbHHM €
CTBOPCHHS HOBHX 1 YJOCKOHAJCHHS ICHYIOUHX METOJIB IOCHIPKEHHS KOHICHTpAMii
HampyXkeHb B MNpyKHUX Tinax. CydyacHa MexaHika JIeOpMOBaHOTO TBEpAOrO Tijla
HOCITYTOBY€ETHCS IIMPOKUM HAOOPOM MaTeMaTHYHUX MOJEJeH Ul ONUCY BUTHHY IUIACTHH i
00010HOK. I3 pi3HUX MOZeNei KOHTAKTY IIACTHHU 3 peOPOM KOPCTKOCTI HANMIPOCTIIIOO €
MOJieNb, B SKii mepemdadaeThcs, MO0 pPedpPO KOPCTKOCTI HE Ma€ TOBIIMHH 1 KOHTAKT
3aiiicHIOEThCS 1O JiiHil. KOHTaKT Mo po3iMKHYTIH JiHII Mae Micle TakoX Yy BHUIAAKY
HasIBHOCTI JIIHIMHOI oropu abo KOJNM Ha IUIACTUHY JIaBHTh TOCTPOJiHIHHMN InTamm. Bci
nepepaxoBaHi BUMaAKK (PeOpo KOPCTKOCTI, OMOpa, TOCTPOTIHIHHHUK MITAMIT) MATEMATHYIHO
eKBiBaJIeHTHI. MaTemarnuHe (hOpMYIIIOBaHHS NEPEepaxoBaHUX BHIIAJIKIB MPH3BOAUTH 0
3MIIIaHKUX 3a/1a4 Teopii IIACTHH 1 0O0JIOHOK, SIKi MOXKYTh PO3IIISIATHCH SIK 3MillIaHi 3a1a4i
Teopii mpyxHocTi. im0 gaHoi poOOTH € mMmojanbiia po3poOKa i JmeTami3amis METOIIB
pimIeHHs 33134 i JOCiKEHHS Ha OCHOBI INX METOIB PSITy HOBUX 3a1a4 IIPYKHOI piBHOBAru
IUTACTHH 3 JIHIHHAM BKIFOUSHHSIM, OIWH 200 OOHIBA KiHIIA SKOTO 3HAXOMIATHCS BCEPEIMHI
iacTHHU. MeToanKa, 10 BUKOPHCTOBYETHCS B POOOTI MOJISrae B HACTYITHOMY: MUHAIOUU
CTaNil0 3BeICHHS 3a7adi A0 IHTErpajlbHOTO DPIBHAHHS BIJHOCHO KOHTAKTHHUX 3YCHIIb i
PpIIICHHS BOTO PiBHSHHS, MPOTHHU IUIACTUHU 3aITHCYIOTHCS Y BUIIIAI JTIiHIHHOT KoMOiHAIIT
pileHp OirapMOHIHHOTO PIBHSHHS B 00JIacTi, Ky 3aiiMae uactuna. Heinomi koeditienTn
JHIAHHOT KOMOIiHaWii BIANIYKYBaJMCh METOAOM TIpaHM4HOi KoJjokalii. OCHOBHUMH
pe3yabTataMu poOOTH € Mo0yI0Ba CHCTEMH PIllleHs OIrapMOHIHHOTO PiBHAHHS B 00JaCTi 3
NPSMOJIHIHHAM ~ BKIIIOYEHHSIM, 3aCTOCYBaHHS MeETOJa TIpaHM4YHOI KOJIOKamil  Juist
3HAXOJ/KEHHS KOS(IIi€HTIB JIHIHOT KOMOIHALIT /TSI MOJIC/TFOBAHHS CUCTEM.

KuarouoBi cioBa. Cucrema OirapMOHIHHHX (QYHKIIIH, METOJl TPAaHWIHOI KOJIOKAIii, Kiac
(byHKLII 3 0COOIMBOCTAMH, LIO HE IHTETPYIOTHCS, BUTHHHU IUTACTHHHU, MOJICITIOBAHHSI.

Beryn. Po3rnsaersbes 3a1a4a po BUTHH IJIACTUHY 3 TOHKUM JIIHIMHKUM BKITIOYEHHSM. Bigomo,
10 HasBHICTh B KOHCTPYKLIAX MIJKPIIIIOIOUUX CTEPXKHIB, ONOpP, MPAMOJIIHIMHUX Je(EeKTiB
TUIY TPIIIMHY 1 BKJIIOYEHb 3HAYHO YCKJIATHIOE iX PO3paxyHOK, TaK SIK IlepepaxoBaHi eJIeMEeHTH
B KOHCTPYKIISIX € KOHUEHTPAaTOpaMu HampyXeHb. TpagullifHUM METOJO0M pIIIEHHS TaKUX
3a]a4 € METO/1, 3aCHOBaHM Ha 3BEJICHHI 3a/1a4 JI0 IHTErPAIbHUX PiBHSAHB BITHOCHO KOHTAKTHUX
3ycuib. Bimomi gocimimkeHHs B 1mboMy HampsiMky [1 — 4]. Metowo poboTu € mopaibiia
po3poOKa i aeTaiizallis METOAIB PIllIeHHs 3a7a4 BUTUHY TUIACTHH 3 JIIHIHHUMHU BKITIOYEHHSMH,
Jie pillIeHHs 3a/1a4 BiA0YBAa€ThCS y BUTIIAI JiHINHOT KoMOiHalii OirapMOHIMHUX QYHKIIIH, sKi
BPaxOBYIOTh HAasBHICTh BKJIFOUEHHS JUISI KIHLIEBOI IJIACTUHH.

y|<b),

y| < ¢ IIPUCYTHE TOHKE )KOPCTKE BKJIIOUEHH:. BpaxoByroun,

OcHoBHa yacTuHa. Po3risHeMo NMpSIMOKYTHY IIApPHIPHO-ONEPTY IUIACTUHY (|x| <a,

BCEpEeAMHI 5IKO1 Ha BiApi3Ky y =0,

IO 1032 BKJIFOYEHHSIM Ha TUTACTUHY HE JIi€ PO3MOJiIEHE HAaBaHTAKEHHS, MPUXOINMO [0
OJTHOP1AHOTO OIrapMOHINHOTO PiBHSHHS BIIHOCHO NPOTHMHIB IIACTUHHU:
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ANw(x,y)=0, |x]<a,

y|<b oxpim y=0,|x|<c, (1
ne @(X,y)— NPOrMHY IIACTHHM.

BxitoueHHsT TepeMillyeTbcss BEPTUKAIBHO TiJ €I TPUKIAACHOTO JIO HBHOTO
HaBaHTa)XCHHS P. B MaremMaTtn4Hiii TOCTaHOBII BKIIIOUEHHS MOKHA PO3TIISAATU SK PO3pi3 3

Mexamu =10, |x|£ ¢ . Ha mexi po3pi3y BUKOHYIOTBCSI YMOBH:

o(x,20)=W, |x|<c, ()
a)y (x,iO) =0 |x| <c, 3)
Ha cropoHax IuiacTUHU 3aJaHi YMOBH IIAPHIPHOTO CIIUPAHHS:
o(ta,y)=M (+a,y)=0, |y|<b, 4)
o(x,th)=M (x,+b)=0, [<a. (5)

[ToTpiOHO 3HAWTH pPO3MONAIA TPOTHHIB, 3TUHAIBHUX MOMEHTIB, Yy3arajibHEHUX
HepepUBAOYNX CHIL.
3 ypaxyBaHHAM WapHOCTI 3amavi Mo X i )y HAOJMKEHEe MPEICTAaBICHHS IPOTUHY

oy, (x, y) MO>KHA 3aITMCaTH Y BUTISL [5]

oy (%.7)= 0y (x,)+ @, (x.7)+ o, (x.7), (6)
nie %(X,y)ZI/IORC{(Z;+%jhl(Z+(ZZ—l);j—gz(zz—l);+2iy(zz—1);}+
¥ Re{ln(“(zz_1);j_z(22_1);+2,-y(22_1);}+
e rele L (i () o)
+;% Re{m(z —1p B2 (2)-iv(2 1) B2 (Z)},
w,(x,y)= 1 Re{—(1+v)ln(z+(zz_1);j_z(zz_1);+(1+V)2iy(zz_1);}+
+i;{n Re{%(lﬂ/)(zz —1)2 P22 (2)+(1-v)iy(* -1)2 P2? (Z)};

n=2 n
@y (x,y)= ﬁ(an Re(zz” ) +b, Re (Ezz’Hl )),
=0

z=Xx+iy.
11
ITicns 3aminm 6araTouneHis Sko6i P? 2 (z) , P

n

| W
| w

[\

(z) OaraTto4JieHaMH THUX KeE

CTYIEHIB BiJl Z, OTPUMY€EMO IPEJICTABICHHS IPOTHHY

ox2)=Yan, (x.3): )
1 (x,y):R{m[H(zz_1)5}2(22_1)2} " (x,y):Re[(Z;_l)m[H(zz_1)iﬁ;

3 1
u,, , (x,y) = Re(zz”"1 (22 —1)2], n=LN, u,,, (x,y) = Re(2iyzz”‘2 (z2 —l)zj, n=1,N;

u, (x,y)=Rez"?,n=L,N;  u,,(x,y)=Rezz”"", n=1,N.
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Hesigomi mocriiini  xoediuieHTd W, , %,.4,,b, (n =0,N ) UIYKAlOThCSA  METOAOM

TPAaHUYHOI KOJIoKallii [6] — HaOJMKEHUM METOJIOM PO3B’sI3Ky AUPEPCHIIIHHNUX PIBHIHB, SKUN
NOJIsiTa€ B 3BEACHHI pIMICHHS 10 CHCTEMH anredpaiuHux piBHSHb. [lyig 3HAXOMKEHHS
HEBIJIOMHUX  TIOCTIHHUX  KOEQIIIEHTIB  BHUKOPUCTOBYIOTHCS  TpaHWYHI  YMOBH,  SIKi
3aJI0BOJIBHAIOTHCS. HE Ha BChOMY KOHTYpi, @ B OCOOJIMBHX, HOIEPEIHHO 3aJaHUX TOYKAX
kojokanii. dyHkiis (6) 3amoBosibHsE€ piBHAHHIO (1) mpu Oynb-skux 3HavYeHHSX 4(N+1)

Koe(ilieHTiB V¥, , ¥,,4,,b, (n =0,N ) . Jlerko nepeBipuTH, 110 (GyHKIIis (6) 3210BOJIBHSIE YMOBI

(3) ToToxkHO. B 3B’s13Ky 3 IIMM MOKIIHBI JIBa MiIX0AH 10 pitneHHs 3aaa4gi (1)... (5):
— IIyKaTH HaOJMKEHE MNpEJCTaBIeHHS MpOTruHYy y BuUriasaai (6), Ttomi ymoBa (3)
3aJI0BOJILHSETHCSI TOTOKHO, a yMOBH (2), (4), (5) — KOIaKkoIiitHo;

— IIyKaTH HaOJNMKEHE MpeCcTaBieHHs nporuHy y Burisaai (7), Tomi ymoBu (2)... (5)
32JI0BOJILHSIOTHCS B TOYKAX KOJIAKOIIMHO.

Bubupatoun n; Touok kosokauii Ha BkItodeHHI y =140, 0<x<c, nmy — Ha CTOpPOHI
x=a,0<y<bh,n3—Hacroponi y=>b,0<x<a,inocniIoBHO MiCTABISAIOYH iX 3HAYCHH B
(6) 1 (7), mpUXOIUMO JI0 CUCTEMH BiTNOBITHO 71 + 2(n2 + n3) AHIMHKUX anreOpaiyHuX PiBHSIHD
B MIEPIIOMY BUMNAAKY 1 2(71 + 12+ 13) pIBHSIHD — B IPYTOMY.

Pimenns mux cucrem, npexacrasicHe B (6) abo (7), mae HaOmmKeHe PIlICHHS 3ajadi
(1)... (5).

Po3paxyHku mpoBeneHi IS IJIACTHH a =) TpW BITHOCHIN JOBKWHI BKJITFOUYCHHS
g=c/a,mo nopiBaoe 0,66; 0,5; 0,2; 0,1.3HayeHHs NPOTHHIB, OTPHUMaHI 3 JOIMOMOIOIO
npenctaBieHb (6) i (7), moOpe MoroKYIThCS MiXK COO0F0.

[Tporunu mis mtacTuny 3 posMipamu @ =b=2,&=0,5 nokazani Ha puc. 1. [Iporunu
MaKCHUMaJIbHI Ha BKJIIOYCHHI, J€¢ BOHM piBHI W, =1, 3MeHIIyIOTbCS 10 HYyJIs Ha KOHTYpI

IUTACTHHHU, 110 CBITYUTH, IO 00pe 3a70BOIBHIIOTHCS YMOBaM (2)... (5) oOuaBoma MeTo1aMHu.

Z/yV (0=M‘,=0

e e
P y LN AV AN AN =
2.7 s A T 0=M0
T,
2 2
1 L 0,4
a o 9]

Puc. 1. Po3noais nporuHiB miacTUHA

OnTumanbHe 3 TOYKH 30pYy BIAMOBIIHOCTI TPAaHUYHUM yMOBaM, PO3MIIIEHHS TOYOK
KOJIOKAIIIT B 3aJIEKHOCTI BiJl BEIUYHUHU & =cC/ a, HaBeIeHO B Tabuuii 1.

Taoanms 1.
KinpkicTh TOYOK KOJIOKAL[iT
e=cla, [TpencrasieHHs
©) ()
ni n n3 ni n2 n3
0,66 6 5 4 4 3 3
0,5 6 5 4 4 3 3
0,2 3 3 3 4 3 3
0,1 3 3 3 3 3 3

[Tpu BuKopucTaHHi (6) po3paxoByBajach piBHO/AII0Ya KOHTAKTHUX 3yCHIIb
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3 3

D"sz“l’(f)dg‘ :wojl6il+wlj128L2(€)d§+
0 0 (1_4:2)5 0 (1_4:2)5
+ﬁ:64n(2n —y, [(1-&) 2 B, 2 (&)de (8)

Jlnst  po3paxyHKy peryjaspu30BaHMX 3HaueHb po30DKHMX iHTerpaniB B (8)

CKOPHCTAaEMOCH TUM, 1110 ipu Re A >—1 [1, 2].
1

1,(2)=[(1-%) By (x)dx=0 (n=0). 9)
0
BianosigHo B perynspu3oBaHoMy 3Ha4eHHI /, (—%J =0, 3Bigku D 'P= RV

[Ipu npencraBneni nporuHy y Buriasaai (7) piBHOAIOYA KOHTAaKTHHUX 3YCHIIb

_1 . .
D P=8ra,. 114 3ana4a MeTOJOM IHTErpaJbHUX IEPETBOPEHb 3BEACHA 10 IHTETPabHOIO
PIBHSIHHSA BIJTHOCHO CKayKa PiBHOJ1I0YOi KOHTAaKTHUX 3ycuiib [1, 2]. [IopiBHSHHS OTpUMaHUX

3Ha4eHb 0e3p0o3MipHOro KoedinienTa o =10’ (Pa2 )_1 DW (6), (7) 3 Binomumu [2, 3] HaBeneHO

B Ta0m1. 2.
Taoauns 2.
3HaueHHs 6e3p0o3MipHOTo KoedirieHTa o
s=cla, a=10°(Pa*) DW (6).(7)

[1,2] 6 @)

0,66 2,16 2,29 2,13

0,5 4,40 4,64 4,68

0,2 9,60 9,63 9,17

0,1 10,75 10,98 10,60

I'padixu 3ruHATIEHUX MOMEHTIB Mx,My B3710BXk JiHIl y =10, 0 < x < g HaBeneHi Ha
1

puc. 2; a=2.Tlpu (x,y) —>(1,0) M, M, —o0sx rr= (x—1)"+)?

M, M, '\\
A l

) I
| \
1
| \
=]
04 08 112 1,6 X
Puc. 2. I'padixu srunansuux Momentis M , M B3posx ninii y =10, 0<x<a:D=1,P=13,9.
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. M _Ar . r .
Emopu Bemmumn K | = lim—= [ K =lim—X =, npu r =10"HaBeneni na

P P e

3. SIxicHa KapTHUHA aHAJIOTIYHA pe3ynbTaraM [3], 1e po3risaanuck Oe3KiHeYHI MJIACTHHU.

‘I,U?_ ) 052

0,5

}—‘ 1,20

]
__:[. _,
r
P

131 0,55 =

| A\—"og0

0,62

Puc. 3. Emopu K (a), K, (b).

OTtpuMaHi pe3yabTaTH MOKa3yIOTh, III0 BUKOPUCTAHHS METOJIy TPAHMYHOT KOJIOKAITi

JOCTAaTHBO 6(1)CKTI/IBH€ IIpu BI/IpiH_IeHHi 3a1a4 BUTUHY HECKIHYEHHX IIJIACTUH 3 BKIIOYEHHIMU.

1.

(O8]
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THE METHOD OF BOUNDARY COLLOCATION FOR SIMULATING PROBLEMS
ABOUT CURVES OF A HINGED-OPERATED PLATE WITH A THIN LINEAR
INCLUSION
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National Odesa Polytechnic University
1, Shevchenko Ave., Odesa, 65044, Ukraine
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The widespread use of structures in the form of plates and shells in mechanical engineering, shipbuilding,
instrumentation and other industries makes it important to study the strength and stiffness of the elements of these
structures. The presence of reinforcing rods, supports, straight-line defects such as cracks and inclusions or other
inhomogeneities in structures significantly complicates their calculation, as these elements in structures are stress
concentrators. It is important to develop new and improve existing methods for studying stress concentration in
elastic bodies. Modern mechanics of deformable solids uses a wide range of mathematical models to describe the
bending of plates and shells. Of the various models of plate contact with a stiffener, the simplest is the model in
which the stiffener is assumed to have no thickness and contact is made along a line. Open line contact also occurs
when there is a linear support or when the plate is pressed against a sharp-edged die. All of these cases (stiffener,
support, sharp-line stamp) are mathematically equivalent. The mathematical formulation of these cases leads to
mixed problems of the theory of plates and shells, which can be considered as mixed problems of the theory of
elasticity. The purpose of this paper is to further develop and detail the methods for solving the problems and to
study, on the basis of these methods, a number of new problems of elastic equilibrium of plates with a linear
inclusion, one or both ends of which are inside the plate. The methodology used in this work is as follows:
bypassing the stage of reducing the problem to an integral equation with respect to contact forces and solving this
equation, the deflections of the plate are written as a linear combination of solutions of the biharmonic equation in
the region occupied by the plate. The unknown coefficients of the linear combination were found by the boundary
collocation method. The main results of the work are the construction of a system of solutions for a biharmonic
equation in the domain with a straightforward inclusion, and the application of the method of boundary collocation
to find the coefficients of the linear combination for simulating systems.

Keywords: system of biharmonic functions, boundary collocation method, class of functions with noninte-grated
singularities, deflections of a plate, simulation.
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